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Curved Aqo algebras and Landau-Ginzburg models 

Andrei Gaidar aru, Junwu Tu* 



Abstract 



We study the Hochschild homology and cohomology of curved Aoo 
algebras that arise in the study of Landau-Ginzburg (LG) models in 
f-H ' physics. We show that the ordinary Hochschild homology and coho- 

sh I mology of these algebras vanish. To correct this we introduce modi- 

fied versions of these theories, Borel-Moore Hochschild homology and 
compactly supported Hochschild cohomology. For LG models the new 
2 ' invariants yield the answer predicted by physics, shifts of the Jacobian 

ring. 

We also study the relationship between graded LG models and the 
geometry of hypersurfaces. We prove that Orlov's derived equivalence 
^ ' descends from an equivalence at the differential graded level, so in par- 

0^ I ticular the CY/LG correspondence is a dg equivalence. This leads us 

t^^ ■ to study the equivariant Hochschild homology of orbifold LG models. 

The results we get can be seen as noncommutative analogues of the 
Lefschetz hyperplane and Griffiths transversality theorems. 



o, 

5 ■ 1. Introduction 



1.1. The main purpose of this paper is to understand Landau-Ginzburg 
S^ ' (LG) models from the point of view of non-commutative geometry. While 

Landau-Ginzburg models arise primarily in physics, from a mathematical 
viewpoint Landau-Ginzburg theory constructs a differential graded (dg) cat- 
egory DG(Bw)! the category of matrix factorizations of W, from the data 
of an associative algebra B and an element W (the superpotential) in the 
center of B. The homotopy category D^(Bw) of DG(Bw) has appeared in 
several areas of mathematics under different names: as the derived cate- 
gory of hypersurface singularities D5g(B/W) [13], as the stable category of 
Cohen-Macaulay B/W- modules ^, etc. 
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1.2. There is a natural way to associate to the data of (B,W) a "L/TL- 
graded curved Aoo algebra Bw As a super- vector space it consists of B, 
concentrated purely in the even part. The only non-zero operations are 
mo, determined by the equality Tao(l) = W, and vn.2, given by the original 
multiplication of B . We will call such an algebra a curved associative algebra. 

The relationship between the algebra Bw and the category of matrix 
factorizations is well understood: the category Tw(Bw) of twisted complexes 
over Bw (the natural generalization to the Aqo setting of the derived category 
of projective modules over an associative algebra) is precisely DG(Bw)- 

From a geometric point of view the Aoo algebra Bw can be thought of 
as the algebra of "functions" on a hypothetical non-commutative space X, 
with D^(Bw) playing the role of the derived category of coherent sheaves on 
X. 

1.3. We are primarily interested in understanding the Hochschild homology 
and cohomology of the dg category DG(Bw)- When dealing with modules 
over a ring A (or, more generally, over a non-curved Aoo algebra) the situa- 
tion is greatly simplified by the existence of the identities 

HH*(DG(Mod-A)) = HH*(Tw(A]) = HH*(A), 
HH4DG(Mod-A)) = HH4Tw(A)) = HH^A). 

Indeed, it is often much easier to compute the invariants of A than computing 
those of Tw(A). 

However, as we shall soon see, the above isomorphisms fail for curved 
algebras like Bw- In fact the first result we prove in this paper is the following 
theorem. 

1.4. Theorem. For any curved associative algebra Bw we have 

HH*(Bw) = HH4Bw)=0. 

1.5. This result should be regarded in a negative way, in the sense that the 
ordinary Hochschild homology and cohomology are the wrong invariants to 
use for curved algebras. To obtain interesting invariants, we introduce in 
Section [3] modified versions of these invariants. Based on a close analogy 
with algebraic topology we call these invariants Borel-Moore Hochschild 
homology, HH^'^, and compactly supported Hochschild cohomology, HH*. 
They are closely related to the ordinary Hochschild invariants, but with 
the twist that a Borel-Moore chain is an element of the direct product of 
homogeneous Hochschild chains, as opposed to a direct sum in the usual 



definition. Similarly, a compactly-supported Hochschild cochain is a direct 
sum of homogeneous cochains, as opposed to a direct product. Collectively 
we refer to HH^ and HH* as compact type invariants. 

1.6. The main advantage of the new invariants lies in the fact that an ar- 
gument of Segal |14j shows that the compact type invariants of any algebra 
A, curved or not, agree with the compact type invariants of Tw(A). As be- 
fore this greatly simplifies the computation of the compact type invariants 
for categories of the type Tw(A). In particular for the category of matrix 
factorizations DG(Bw) = Tw(Bw/) we get the following theorem. 

1.7. Theorem. Let Y = SpecB be a smooth afEne scheme of dimension 
n and assume that W G B is a regular function on Y with isolated critical 
points. Then we have 

HH*(DG(Bw)) = HH*(Bw) = Jac(W)[0], 
HH,^^(DG(Bw)) = HHf^(Bw) = a)(W)[n], 

where Jac(W] denotes the Jacobi ring of}A/, cu(W) denotes the canonical 
module for Jac(W), and for a vector space M the notation M[i] represents 
the Z/2Z graded vector space which is M in degree i mod 2 and otherwise. 

1.8. Remark. This result agrees precisely with computations of the closed 
string sector of Landau-Ginzburg models in physics. 

1.9. There are two drawbacks to the new invariants. First, as in the topo- 
logical situation, the compact type Hochschild homology and cohomology 
are not homotopy invariant. The more serious issue is that in general we do 
not understand the relationship between the compact type invariants and 
the traditional ones. However, it turns out that for many interesting Aqo 
algebras or categories the compact type invariants agree with the usual ones. 
We call such algebras or categories of compact type. 

The easiest examples of compact type algebras are given by the following 
theorem. 

1.10. Theorem. Let A be a finite-dimensional, "L-graded Aoo algebra sup- 
ported in non-positive degrees. Then A is of compact type. In other words 
we have 

HH*(A) = HH*(A), HH4A] = HHf^(A). 



1.11. As we have seen from the exphcit calculations in Theorenis ll.4l and ll.71 
Bw is not of compact type. On the other hand, for a complete regular local 
ring B, Dyckerhoff [5] computes directly the Hochschild (co) homology of the 
category DG(Bw], and his answers agree with our computations of compact 
type invariants for the curved algebras Bw- Putting these results together 
gives the following corollary. 

1.12. Corollary. The dg category DG(Bw) associated to a commutative, 
complete regular local ring B and to a non-unit W € B is of compact type. 
We have 

HH4DG(Bw)] = HHf^(Bw] = HH^^(DG(Bw)). 

1.13. The above fact is based on calculations that are quite indirect. A 
direct proof of Corollary 11.121 using curved Koszul duality will appear in a 
separate paper [I7j of the second author, thus giving an alternative approach 
to the calculations of Dyckerhoff. 

1.14. The Landau-Ginzburg models described above share many charac- 
teristics with affine geometry. The natural generalization of LG-models 
to the projective setting is realized by the graded LG-models introduced by 
Orlov [13] . Explicitly assume that the ring B that appears in the definition of 
a LG-model is Z-graded, and that the superpotential W is homogeneous. In 
this situation we shall say that we are dealing with a graded LG-model, and 
there is an appropriate modification DGz(Bw) of the definition of DG(Bw] 
to take the grading into account. The resulting category is called the dg cat- 
egory of graded matrix factorizations, with associated homotopy category 
D^lBw). 

The main result of |13) is the following. (The definitions of D (qgr-A) and 
Dfg(A] are reviewed in Section O) 

1.15. Theorem (Orlov [l3]). Let A be a graded Gorenstein algebra with 
Gorenstein parameter a. Then for any integer i E Z we have: 

(A) if a> there exists a semi-orthogonal decomposition 

D^(qgr-A) = (A(-i - a + 1 ), ..., A(-i), D|(A)); 

(B) if a < there exists a semi-orthogonal decomposition 

D|(A) = (k(-l), ...k(-i + a + 1 ), D''(qgr-A)) 

(G) if a = there is an equivalence 



D|(A] = D^(qgr-A]. 



1.16. The graded category of singularities Dfg(A) is a generalization of the 
derived category of graded matrix factorizations D^(Bw) discussed above. 
Indeed, setting A = B/W we get a graded Gorenstein ring, and Orlov shows 
that we have 

D|(A) = D|(Bw]. 

Moreover, if A is commutative (so that we can talk about Proj A), the cat- 
egory D (qgr-A) agrees with the derived category of coherent sheaves on 
Proj A. 

1.17. Since we are interested in Hochschild invariants, and these do not 
behave well with respect to derived equivalence, we need to extend Orlov's 
result ()1.15p to the dg setting. The result we get is the following theorem. 
(The notion of semi-orthogonal decomposition for dg categories is defined 
in Appendix lAl) 

1.18. Theorem. Let A be a Gorenstein algebra with Gorenstein parameter 
a. Then for any integer i G Z we have: 

(A) if a > there exists a semi-orthogonal decomposition 

D^ = (7tA(-i-a+l),...,7tA(-i),T0; 

(B) if a < there exists a semi-orthogonal decomposition 

Ti = (qk(-i), ...qk(-l + a + 1 ), Dt); 

(C) if a = there is an equivalence 

Here D^ and T^ are dg enhancements for D'^ (qgr-A) and Dfg(A) respectively. 

1.19. The main idea of the proof is is to use the notion of dg quotient and 
its universal properties. (After we proved our theorem, we became aware of 
Lunts and Orlov's result [llj, which provides an alternative, more general 
way of proving the same theorem.) 

1.20. The next step is to understand graded LG-models from the point 
of view of non- commutative geometry. Our goal is to get a description of 
DGz(Bw) similar to the equivalence 

DG(Bw) =Tw(Bw) 

we had in the ungraded case. The idea is to exploit the observation from 
physics [18] that graded LG-models can be realized by an orbifold construc- 
tion from ungraded ones. Prom a mathematical standpoint this statement 
is best expressed as the following result. 



1.21. Theorem. Let (B,W) be a Z-graded Landau-Ginzburg model with 
degW = d. Then there exists a Z-graded, curved Aoo category Bwtt^d 
such that the category Tw(Bwtt^d) of associated twisted complexes is dg 
equivalent to DGz(Bw). 



1.22. As before we are mainly interested in understanding the Hochschild 
homology of the category DGz(Bw]. Analogous to the ungraded case, we 
expect that 

5wfl 



HH4DGz(Bw))=HHf^^(B; 



Indeed, this can be verified and will appear in [T7]. In this paper we explicitly 
compute the graded Hochschild invariants 

HH,^^(BwPd). 

We state the result in a more general form as a localization formula. The 
notations in the following theorem are explained in Section [6l 

1.23. Theorem. Let G be a finite group acting on a smooth afhne scheme 
Y = Spec B, and let W be a G-invariant global function on Y. Tiien we have 

HH,B^([(Y,W)/G]) = I mHH,^^(Y9,W|Y9: 




where for g € G, Y^ is the g -invariant subspace of Y and the subscript G 
denotes taking coinvariants of the induced G action. 

1.24. The dg equivalences of Theorem 11.181 give another way to compute 
HH=i,(DGz(Bw)) in the case of hypersufaces in projective space. Indeed, 
since Hochschild homology is invariant under dg equivalences, we could com- 
pute instead HH=|,(X) for the projective variety X = ProjB/W. The groups 
HH*(X] are computed by the well-known Hochschild-Kostant-Rosenberg iso- 
morphism p^. The answer depends directly on the computation of the 
Hodge numbers h.^''^(X), which are classically computed using the Lefschetz 
hyperplane and Griffiths transversality theorems. 

An alternative way of regarding this calculation is to observe that com- 
bining the results of |17] with the calculation of Theorem 11.231 allows us to 
compute the Hodge numbers of X. Therefore, in a certain sense, our results 
can be viewed as a non-commutative analogue of the Lefschetz hyperplane 
and Griffiths transversality theorems from classical complex geometry. 



1.25. The paper is organized as follows. In Section [21 for the purpose of 
fixing notation, we recall the basics of Aqo algebras along with details on the 
twist construction and its relationship to categories of matrix factorizations. 
We also prove Theorem 11.211 The usual definitions of Hochschild homology 
and cohomology are presented in Section [3] in a way which extends to the 
curved case as well. We then prove Lemma 13.91 which states that any Aqo 
algebra with only ttlq term has vanishing Hochschild (co) homology. This is 
the basic ingredient in the proof of Theorem 11.41 

In Section U] we specialize to the case of the curved associative algebras 
that appear in the study of afHne LG models. We explicitly calculate both 
the usual Hochschild (co)homology groups and their compact type varia- 
tions. The usual ones are shown to vanish and the modified ones yield the 
answers predicted by physics. 

Section [5] is devoted to extending Orlov's results on derived categories 
of graded singularities to the dg setting. We begin by reviewing Orlov's 
theorem that relates the derived category of singularities to the derived 
category of coherent sheaves on the corresponding projective variety. We 
also relate the dg versions of the category of graded singularities and the 
category of graded matrix factorizations. 

Motivated by Theorem 11.211 we calculate in Section [6] the Borel-Moore 
Hochschild homology for LG orbifolds of the form Bw/jjG. We prove a local- 
ization formula for homology in this general situation. Unlike the rest of the 
paper where homology and cohomology are on equal footing, our localiza- 
tion result only applies to homology. We leave the calculation of compactly 
supported Hochschild cohomology of orbifolds for future work. 

For the reader's convenience we collect in Appendix |A] certain results 
on dg quotients of dg categories that we use in the course of this work. We 
also define the notion of semi-orthogonal decomposition of dg categories and 
prove Lemma lA. 121 that is used in the proofs in Section [3 

1.26. Acknowledgments. The authors are indebted to Tony Pantev and 
Tobias Dyckerhoff for many useful insights and helpful conversations. This 
material is based upon work supported by the National Science Foundation 
under Grant No. DMS-0901224. 

2. A-infinity categories and the twist construction 

In this section we recall the notion of Aqo structure and explain the twist 
construction of Aoo algebras (or, more generally, Aqo categories) following 
the exposition of Seidel [15j. Using the twist construction it is easy to see 



that the category of matrix factorizations can be identified with the twist of 
a curved algebra. The situation for the graded case is more comphcated and 
we explain how to obtain the category of graded matrix factorizations by an 
orbifold construction. The conclusion is that only the finite group (Z/dZ) 
is necessary, as opposed to C* as one might have expected for a Z-grading. 
We will work over a ground field k. and we make once and for all the 
choice to work with either Z- or Z/2Z-graded vector spaces. All tensor 
products are understood to be in the symmetric monoidal category of these 
graded vector spaces, with the Koszul convention for signs. If V and W 
are graded vector spaces, Hom(V, W) is the graded vector space of all linear 
maps V — > W, not necessarily homogeneous. A map f G Hom(V, W) is said 
to have degree I if it is homogeneous of degree i, i.e., it is a homogeneous 
degree zero map V — > W[l] . 

2.1. Let A be a vector space. Form the tensor coalgebra 



B(A):=r(A[l])=0A[1] 



i=0 



endowed with the coproduct 

A(ai I • • • |ai) = l|=o(ai I • • • |aj) (g) (uj+i | • • • |ai), 

where if the index j is or 1 we use the unit of the ground field as the empty 
tensor product. 

2.2. Definition. An Aqo algebra structure on A consists of a degree one 
coderivation ra : B(A) — > B(A) of B(A) such that rao ra = 0. 

2.3. As the coalgebra B(A) is freely cogenerated by A[1] giving a linear 
map from B(A) to A is equivalent to giving a coderivation of B(A). In other 
words C*(A) can be identified with the space of coderivations on B(A). 

Let ra be an Aqo algebra structure on A. Under the above identification, 
it corresponds to a homogeneous degree one cochain in A which we shall 
denote by ra as well. The component of ra of tensor degree i is denoted by 
rai. It can be regarded as a map 

mi:A®^^A[2-i]. 

We remind the reader the standard terminology used in the theory of 
Aoo algebras. The term rao is usually assumed to be zero in most definitions 
of Aoo algebras. Algebras for which rao = will be called flat, while those 
for which rao does not vanish will be said to be curved. We emphasize that 



most of the existing homological algebra constructions for flat Aqo algebras 
do not generalize in an obvious way to the curved case. 

For flat algebras the degree one map rai is called the differential as 
ra^ = in this case. The map vxi is usually called the product of the 
algebra and the terms rat for i > 3 are referred to as higher multiplications. 

2.4. The equation raora = translates into an infinite system of quadratic 
relations between the rat's that are sometimes taken as the definition of Aqo 
algebras. The first few relations are 

mi omo(1) =0, 

mi omi(-) ±m2(mo(l),-) ± m2(-,rao(1)) = 0, 

mi om2(-,-) ±m2(mi (-),-) ±m2(-,mi(-)) 

±m3(mo(1 ),-,-) ±m3(-,mo(l),-) ± m3(-,-,mo(1)) =0, 



where the signs are determined by the Koszul sign convention. 

2.5. For the purposes of this paper we shall be primarily interested in curved 
associative algebras or categories. These are special cases of Aqq algebras 
where the only nonzero multiplications are rao and ra2. To keep with Orlov's 
notation denote the vector space of such an algebra by B . The Aoo relations 
require ra2 to define an ordinary associative algebra structure on B and the 
image of rao is a one dimensional subspace of B generated by an element W 
in the center of B. Conversely, the data of an associative algebra B and an 
element W in its center determine a curved algebra which will be denote by 
Bw- (Usually we shall assume that the entire algebra is concentrated in the 
even part of the Z/2Z-graded vector space B.) 

2.6. Let '^ be an Aqo category, i.e., a category with higher composition 
operations such that the Aqo identities hold whenever the compositions make 
sense. One can think of Aoo algebras as Aoo categories with one object. 

The twist construction of an Aoo category ^ produces another Aoo cate- 
gory TwCi^) which generalizes the notion of the category of perfect complexes 
associated to an ordinary algebra. We recall the construction as explained 
in \m. 



2.7. By definition the morphism sets of ^ are graded and this grading is 
central to the twist construction. We shall denote by H the grading group, 
which can be Z/2Z or Z. The construction of Tw(^) proceeds in two steps. 



Step 1. Form an additive enlargement Z*^ of '^, which adds direct sums and 
grading shifts of objects of 'to. 

Objects of Z^ are formal finite sums of the form 

X = 0Xf[af] 

for a finite index set F C Z and objects Xf of ^, af G H. The morphisms in 
Z^ are defined by 

Homi<^(efeFXf[af],egeGYg[Tg]) = Hom^(Xf, Yg)[Tg - cTf] 

where [— ] denotes shifting the H-grading. Composition of maps in Z^ is 
defined using matrix multiplication with signs. 

Step 2. Form the category Twh(^). 

The objects in TwhC^) are twisted complexes, which are defined to be pairs 
(X, 5) consisting of an object X € Ob(Z'^) and a morphism 5 G Hom(X, X) 
of degree one such that the generalized Maurer-Cartan equation holds: 



0mi(6,---,6)=O. 



i>0 

The morphisms in Twh(^) are the same as in Z*^, but compositions involve 
insertions of 5. 

2.8. Remark. In the second step there is usually an upper triangular 
property for 5 which ensures that the Maurer-Cartan equation makes sense 
(finiteness of summation). For the applications in this paper we will not 
worry about this issue because the Ago categories we will be considering 
have finitely many non-zero raid's. 

2.9. As an easy example we consider the twist construction applied to a 
curved associative algebra Bw viewed as a curved Aqo category with one 
object, graded by H = Z/2Z with all of B concentrated in the even part. 

First recall the classical definition of DG(Bw/), the dg category of matrix 
factorizations of W. Objects of this category are pairs (E, Q) where E is a 
free, Z/2Z-graded B-module of finite rank, and Q is an odd B-linear map on 
E such that Q^ =W ■ id. The set of morphisms between two objects (E, Q) 
and (F, P) is simply HomB(E, F), the space of all B-linear maps. 
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There is a differential d on HomB(E, F) which makes DG(Bw) into a 
differential graded category. It is defined by the formula 

d((p) :=Po(p-(-1)''Pl(poQ. 

The identity d'^ = follows from the fact that W is in the center of B. 

2.10. We can identify DG(Bw] with Tw2,/2zi^w), as follows. The objects 
of the additive enlargement ZBw are Z/2Z-graded free B-modules of finite 
rank. The twisted complexes add the odd map 5, and the Maurer-Cartan 
equation reduces to 

W-id+5o6 = 0. 

As the degree of 5 is odd, the above equation defines a matrix factorizations 
of W (up to a sign). It is easy to check that composition of morphisms is 
the same as in DG(Bw), so we conclude that 

Tw2/2z(13w) = DG(Bw)- 

2.11. Of interest to us is also the category of graded matrix factorizations 
DGz(Bw) introduced by Orlov [13]. This category is a Z-graded dg category 
associated to a graded algebra B and a homogeneous potential W. An 
object of DGa(Bw/) consists of two graded free B-module Eq, Ei along with 
homogeneous maps 

Eq -^ El and 

P Zip 
ti —> to 

of degrees and d, respectively, satisfying the matrix factorization identity 

Pi oPo=W-id, PooPi =W-id. 

It is convenient to denote such data by (E, P) with E = Eq ffi Ei and P the 
odd map which satisfies the matrix factorization identity P = W • id. This 
notation is thus the same as that in the un-graded case, but we should keep 
in mind the degree requirements for E and P. 

The morphism space in the graded case takes into account the Z-grading 
of B. Explicitly the morphism space between two objects (E,P] and (E, Q) 
is 

0Homg,.B(E,F(kd)) 
Ic 
where the subscript gr-B means that we only take homogeneous B-linear 
maps of degree zero. This space can be characterized as the G-invariant 
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subspace of the space of all B-linear maps HomB(E,l'). The differential on 
the Hom space is defined by the same commutator formula as in the un- 
graded case. 

Our next goal is to realize DGz(Bw] as the twist construction of a curved 
category. 

2.12. Theorem. Let B be a Z-graded algebra, and let W be a homogeneous 
element in the center of B. Denote the degree ofW by d. Then there exists 
a Z-graded, curved Aoo category Bwtt^/dZ with finitely many objects such 
that the twisted category J\nz[Bw^Z/ dZ,) is isomorphic to the category of 
graded matrix factorizations DG^^Bw)- 

2.13. If G is a group acting on an associative algebra B then we can form 
the cross product algebra BfjG. As a B-module it is the same as B ^z ZG, 
and we shall denote an element b (8> g by bjjg. The multiplication in BfjG is 
given by the formula 

{attg)(btJh) = ah^gh, 

where b^ is the result of the action of g on b. 

If W is a central element of B which is invariant under the action of G 
then Wyi is central in BjJG, so we can form the curved algebra (B^GJwfti- 
For simplicity we shall denote this algebra by BwtJG. 

The category of twisted modules over BwtiG can be identified with the 
category of G-equivariant twisted modules over Bw/, so we can think of the 
resulting theory as an orbifolding of the original Landau-Ginzburg model 
Bw 



2.14. We now return to the context of Theorem 12.121 As the vector space 
B is Z-graded it carries a natural C*-action. The cyclic subgroup Z/dZ = 

{i|0 < I < d - 1 } embeds into C* by I h^ C where C = e^^^. Thus Z/dZ 
also acts on B by 

i^ (f ^ C'^lf). 

In the following arguments we shall denote the group Z/dZ by G. 

Using the construction of (j2.13p we produce a Z/2Z-graded curved al- 
gebra BwttG. For the proof of Theorem 12.121 we shall construct a Z-graded 
curved category whose total space of morphisms is BwttG. The new category 
shall also be denoted by B^vtiG, where no risk of confusion exists. 

2.15. The idea is to consider BftG as a category with d objects instead of 
just an algebra. The objects of this category are the characters of G (one 
dimensional representations of G) and the morphisms between two objects 
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Xi and Xj are given by the invariant part of the G action on B twisted by xi 
and Xj- Explicitly, in our case, we denote the objects of this category by 

The morphisms between two objects (^) and (g) consist of elements of B of 
degree (j — I) mod d. Composition of morphisms is multiplication in B. 

2.16. This category has a Z-grading induced from that of B. However, with 
this grading we can not add the curvature element W, since it is of degree 
d and not 2 as needed for a Z-graded Aoo category. 

To fix this we define a new Z-grading on the category BftG. The new 
grading of an element f G Hora((^), (4-)] is given by 



f := 



2(|f|-j + i) 
d 



The result is an integer since we required that |f | = (j — i) mod d. In fact, 
f is always in 2Z for any morphism f . 

The curvature element W has degree two in the new grading, and hence 
we can define a Z-graded Aco category structure BwttG on BjjG by adding 
the curvature term rrio(1) = W in the endomorphism space of every object 
in BjIG. This is the desired category for Theorem 12.121 

2.17. Since the category 'tf = BwtiG is Z-graded, we can perform the Z- 
graded twist construction to it. Our goal is to show that Tw^l'tf] can be 
identified with the category of graded matrix factorizations DGz(Bw)- 

2.18. To identify DGz(Bw) with T\n^[Bw^G) we first identify the objects. 
Recall that objects of Twz(BwttG) are pairs of the form 



e^w>s 



with at, kt E Z, and 6 an endomorphism of hat-degree one satisfying the 
Maurer-Cartan equation. Define a map on the level of objects by the formula 

)i^[l<i],5)^(EoeEi,P], 
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where 

i ' 

E,:=0B(*±21ii+ai),a„d 

i 

P := the corresponding matrix defined by 8. 

Here the first summation is over those indices I such that the corresponding 
kt is an even integer, while the second one is over those for which k^ is odd. 

2.19. The matrix factorization identity is precisely the Maurer-Cartan equa- 
tion. It remains to check that each component of P has the correct degree. 
Components of P arise from components of 5, which are morphisms in BwttG 
of hat-degree 1. In other words such components are maps in BwttG of the 
form 



i.e., elements x € B whose degree |x| satisfy 

d 

Note that since the right hand side is necessarily even, I and k are of different 
parity, and hence the only non-zero components of the map P will be from 
Eq to El and vice- versa (no self-maps). Moreover, the above equality can be 
rewritten as 

\A = { — 2 — +3)-(^ + ^) 

,ld .^ ,(k+1)d .^ ^ 

= (y +])-( 2 +i) + d. 

The first equality can be applied to the case when k is even and I is odd, and 
it implies that the degree of the corresponding component of the resulting 
map Pq : Eq — > Ei is zero. The second equality similarly shows that if k is 
odd and I is even, x corresponds to an entry of degree d of the resulting 
homogeneous matrix Pi from Ei to Eq. 

2.20. To check that the morphism sets are the same between the two cat- 
egories Tw2(BwttG) and DG-zi^w) we need to check that every component 
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of a morphism in Twz(BwttG) corresponds to an element of B of (ordinary) 
degree divisible by d. Consider such a component, which is a morphism 

cp e HomTw(BwttG) (^[^]'-^[^]) =HomB^jG (^'■^j [^~^]- 

We can express its ordinary degree as an element in B using the hat degree, 
the natural degree of Bw/ftG: 

qp + L— k = . 



Solving for |(p| yields 

I I ii + i-m . 

m = 2 + 3-'^ 

, (l + 1)ci , ., ,1^d a-1 

= ( 2 +3)-(^ + i-) + ^— d or 

Ad ., ,(k+l)d ., $ + 1, 
= (y + 3)-( 2 +^) + ^'^d or 

,ld ., ,kd ., $, 

= (y + 3)-(y + ^) + yd or 

(l + l)d , (k + 1)d , ., , 0^ 
= ( 2 + ^^ ~ ^ 2 ^^ T 

On the other hand cp corresponds to a morphism x between shifts of B, 
as explained in (j2.18p . Combining these facts we see that the degree |x| of x 
as a graded map in DGz(Bw/) is given by 

-d, — - — Q, or — Q, 



2 ' 2 ' 2 

according to the parity of k and I. 

Observe also that the fractions 2~' 2~ ^^*^ 2 "^l^ich multiply d are in 
fact all integers. The reason is that the hat grading is in 2Z for even shifts, 
and in 2Z + 1 after odd shifts. So the components of every morphism in 
Tw2(BwttG) are all elements of B of degree divisible by d, which is precisely 
the same as in DGz(Bw)- 

Thus we have identified the morphism spaces between the two categories 
DGz(Bw) and Tw2(BwttG). It is easy to see that composition in both cate- 
gories is given by matrix multiplications and the differential on Hem spaces 
is given by commutators. This concludes the proof of our identification of 
the two categories. D 

15 



3. Hochschild-type invariants of curved A-infinity 
algebras 

In this section we review the definitions of Hochschild invariants of Aqo 
algebras, ensuring that these definitions include the curved case. We present 
a vanishing result showing that these invariants vanish for an algebra which 
only has non-trivial rrio. Finally we introduce the compact type invariants 
discussed in the introduction and give a first example of algebras of compact 
type. 

3.1. Let A be an Aqo algebra. The space of cochains in A is the vector 
space 

oo 

C*(A] = Hom(B(A),A[l]) = ]^ Hom(A[l]^\ A[l]), 

i=0 

where B(A] is the free coalgebra generated by A[l]. As in (|2.3|) C*(A) can 
be identified with the space of coderivations of B(A]. 

3.2. The space of cochains admits two different gradings: the internal grad- 
ing arising from the grading of A, and a secondary grading by tensor degree. 
For example, a map A(8> A — > A of degree zero can be regarded as an element 
of Hom(A[1] ® A[l], A[l]) of internal degree one and of tensor degree two. 
In general, a map A*^^ — > A of degree j will have internal degree I + j — 1 . 
We shall use the internal grading as the default one. 

Note that while the tensor grading is always by integers, the internal 
grading is by Z or Z/2Z, depending on the grading of A. Therefore the 
Hochschild (co)homology of A only carries a Z/2Z-grading if the algebra 
A is itself only Z/2Z-graded (and it is not a strictly associative algebra, in 
which case the Hochschild differentials are homogeneous of degree one with 
respect to the tensor grading). 

We emphasize that C*(A) is a direct product of Hom-sets, which is a 
direct consequence of the fact that B(A) is a direct sum. 

3.3. The space C*(A), being identified with the space of coderivations on 
B(A), naturally carries the structure of a Lie algebra with bracket given by 
the commutator of coderivations. The Aqo condition mora = is equivalent 
to [ra, ra] = as TTL is of degree one. 

The Jacobi identity implies that the operator d : C*(A) — > C*(A) given 
by d = [ra, — ] is a degree one differential (d'^ = 0). The Hochschild cohomol- 
ogy HH*(A) is defined as the cohomology of the complex (C*(A), d). Note 
that d is homogeneous with respect to the internal grading on C*(A), but 
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not, in general, with respect to the tensor degree. The latter happens only 
if ra2 is the only non-zero structure map. 

3.4. Let us denote by |a| the parity of a in the vector space A[l], and let 
cp be a cochain in Hom(A[l]®'^, A[l]). Then the explicit formula for the 
component of dcp of tensor degree I is 

(d(p](ait---tai):= 

j,l>k 
i 

Note that the second term in the above sum includes contributions from rao 
only if I = k — 1 . In this case the contribution is given by 

k-l 

^(_1 ycpl+lai l+-+latl(p(^, I . . . lQ,|Tno(l )| • • • ak_l ). 
1=0 

3.5. We are also interested in studying the Hochschild homology of curved 
algebras. The space of chains on A is 

C4A) := A (g) B(A) = e~oA ® A\ 

Again, like in the case of the space of cochains, there are two gradings on 
C*(A), an internal one and one given by tensor degree, and we use the 
internal grading by default. 

In order to define the differential we mimic the standard definition used 
in the flat case. The best way to illustrate this formula is to use trees drawn 
on a cylinder as explained in [9J. The formula one gets for the Hochschild 
differential b : C*(A) -^ C*(A) is 

b(ao|--- |ai) = Y (-1 j'^'^mj (gj-k+i I • • • |aol • • • |aj-k-i )[aj-k[ • • • |at_k+ 
^(-l]^''ao| • • • |ak|mj(ak+i I • • • |ak+j]| • • • lai 
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where the signs eic and Ai^ are determined by the Koszul sign convention: 

0<l<i 

eic = ^ (|an-vl)(si-|an-il), 

0<l<k-l 

\= Y. (I'^^i^- 

0<l<k 

It is straightforward to check that b = 0. The Hochschild homology of the 
algebra A is defined as the cohomology of the complex (C*(A),b). 

3.6. Remark. The key feature of the first summation is that qq has to be 
inserted in raj. Thus the appearance of rao does not affect these terms as 
roo allows no insertion. In the second summation uq is not inserted in uij 
and has to be placed at the first spot. Thus if rao is present, we should 
insert the term rao ( 1 ) ii^to any spot after the first term uq . Explicitly, the 
terms involving rao ^'I'e 



k=0 



^A 



ao|---|ak|rao(V 



3.7. From a computational point of view the Hochschild (co)homology of 
curved Aoo algebras is far more complicated than that of non-curved ones. 
The main difficulty is caused by the fact that the Hochschild (co)homology 
differential does not preserve the filtration on (co) chains induced by tensor 
degree in the curved case. (It is easy to see that in the flat case this filtration 
is preserved, even though the differentials are not homogeneous with respect 
to the tensor degree.) Thus the usual spectral sequences associated with this 
filtration that are used for flat algebras are unusable for curved ones. We 
shall not go into more details as we shall not use these spectral sequences. 

3.8. We now present a vanishing result which will motivate the discussion 
of compact type invariants for curved algebras later. 

3.9. Lemma. Let A be an Ago algebra over a field k sucii that rao 7^ and 
rai^ = for any k > 0. This is equivalent to the data of a graded vector 
space A together with the choice of a degree two element W = rao(l) in A. 
Then both the Hochschild homology and cohomology of A are zero. 

Proof. To avoid sign issues we shall assume that A is concentrated in even 
degrees. The proof still works with corrected signs in the general case. Also, 
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throughout this proof the degree of a (co)chain will mean the tensor degree, 
so that Ck(A) means A^'^^+^l 

We begin with the statement for homology. The Hochschild chain com- 
plex for our algebra A is 

C4A)=0A^(^+13 

i 

with differential given by 

i 

b(ao|---|aO = _^(-l)'^aol---laklWl---lai. 

k=0 

We will prove that this complex is acyclic by constructing an explicit homo- 
topy between the identity map and the zero map. 

Let L : A — > k be a k-linear map such that L(W) ^ 0. Such a map exists 
as k is a field and A is free as a k-module, so we can extend any nonzero 
map from the one-dimensional subspace spanned by W to the whole space 
A. Once such a functional L is chosen we can use it to define a homotopy 
h]^ : Cic(A) — > Cic-i (A) by the formula: 

Hk(aol---|ak) = (-l)'^+^L(ak)(ao|---|ak-i), 
Ho = 0. 

An explicit calculation shows that H* is a homotopy between the identity 
map on C*(A] and the zero map, hence C*(A) is acyclic. 

A similar argument yields the result for cohomology, with homotopy 
given by h^ : C'lA) -^ C^+i (A), 

[h-k((Pk)](ail---lak+i) =L(ai)(pic(a2|---|ak+i). D 



Motivated by the vanishing results in the above lemma we introduce the 
following modifications of the Hochschild invariants. 

3.10. Definition. Let A be an Aqo algebra or category with finitely many 
nonzero operations ra^. Consider modified spaces of chains and cochains 



C!/(A)=nA^A«S 

oo 

Ce(A) = 0Hom(A^\A). 



i=0 



19 



The Borel-Moore Hochschild homology HH^'^(A) is defined to be the ho- 
mology of the complex (C^(A],b), and the compactly supported Hochschild 
cohomology HH*(A) is defined to be the cohomology of [C^iA) , d) , where 
b and d are given by the same formulas as before. 

3.11. Remark. Without the assumption that A has finitely many nonzero 
higher multiplications these invariants might not be well-defined due to the 
possible non-convergence of the infinite sum. Note that the property re- 
quired of A is not homotopy invariant: it is easy to construct dg algebras 
(Aoo algebras that only have non-zero rai and mj) whose minimal models 
have infinitely many non-zero raid's. 

3.12. Let A be an Aoo algebra or category for which the compact type 
invariants can be defined. There exist natural maps 

HH*(A) -^ HH*(A) and HH*(A) -^ HH^'^(A) 

induced by the chain maps (C0(A),d) — > (C*(A),d) and (C^,(A),b) — > 
(Cj/(A],b) given by the natural inclusion of the direct sum in the direct 
product. 

3.13. Definition. When the above maps are isomorphisms we shall say 
that A is of compact type. 

3.14. It is reasonable to expect that under certain finiteness hypotheses we 
get compact type algebras. The following proposition shows that this is the 
case in a simple situation. 

3.15. Proposition. Let A be a "L-graded, hnite dimensional Aoo algebra 
concentrated in non-positive degrees. Assume that A has only hnitely many 
nonzero higher multiplications over a held k. Then A is of compact type. 
In other words we have 

HH4A) = HH:;?(A), and 
HH*(A) = HH^(A). 

Proof. We will focus on cohomology as the proof for homology is analogous. 
We will use the internal grading on the cochain complex, so that a linear 
map cp G Horn (A®^, A) of degree j (with respect to the grading of A and 
the induced grading on A*^^) will be regarded as having degree I + j — 1 as 
a Hochschild cochain. With respect to this grading the Hochschild codiffer- 
ential has degree 1 . 

Since d is homogeneous, both the usual and the compactly supported 
Hochschild cohomology groups inherit a Z-grading. To prove the statement 
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in the proposition it will be enough to show that the map A]^ : HHJ5(A) — > 
HH'^(A) is an isomorphism for every k. 

First we show that Ai^ is injective on cohomology. Let cp G C^IA) be a 
degree k cocycle. If the class Aic([cp]) is zero in HH*(A) then we have cp = dil^ 
for some ^\) in C*(A). We want to show that ij) is in fact in C^(A], which 
will show that [cp] = in HH*(A). In other words we need to show that i|; 
has bounded tensor degree. Since the tensor degree is always non-negative, 
it is enough to show that it is bounded above. 

All the maps comprising \|j have internal degree k — 1 , which equals 
1 + j — 1 where i is the tensor degree and j is the map degree. Thus to bound 
I from above it will be enough to bound the map degree j from below. Now 
note that A*^^ is non-zero only in non-positive degrees, and the non-zero 
components of A have degree bounded from below (say, by an integer M) 
because A is finite dimensional. Therefore a non-zero map A®^ — > A has 
degree at least M. The result follows. 

Similar arguments can be used to show that the map H*(A) — > H*(A) 
is surjective and that the map on homology is also an isomorphism. D 

4. Hochschild invariants of LG models 

In this section we compute the usual and compact type Hochschild invariants 
of the curved Aoo algebras that arise in the study of LG models. More pre- 
cisely we show that the usual Hochschild invariants vanish for any curved al- 
gebra while the modified invariants agree with the predictions from physics. 

4.1. The setup we shall work with is the following. Let Y = SpecB be a 
smooth affine scheme of dimension n and assume that W € B is a regular 
function on Y. Let Z denote the set of critical points of W, i.e., the subscheme 
of Y cut out by the section dW of 0|. The ring of regular functions on Z shall 
be denoted by Jac(W), the Jacobi ring of W. The relative dualizing sheaf 
Wz/Y of the closed embedding Z ^-> Y is a coherent sheaf on Z, i.e., a module 
uj(W) over Jac(W). Algebraically Jac(W) and uj(W) are the cokernels of 
the maps jdW : Der(B) -^ B and AdW : Og"^ -^ Og, respectively. 

Denote by Bw the curved algebra with mz given by multiplication in 
B and with rao given by W. Since B is commutative W is trivially in the 
center and hence Bw is an Aoo algebra. 

4.2. Theorem. With the above notations, we have 
(a) HH*(Bw)=HH4Bw)=0. 
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(b) If dim Z = 0, i.e., the critical points ofW are isolated, then we have 
isomorphisms of Z/2Z-graded vector spaces 

HH*(Bw]=Jac(W)[0], 
HHf^(Bw)=cu(W)[n]. 

(Here M[l] denotes the Z/2Z graded vector space which is M in degree 
1 mod 2 and otherwise.) 

4.3. Remark. We see that the usual result that HH*(A) = HH*(Tw(A)) for 
flat (non-curved) Aqo algebras fails for curved ones. Indeed, for the curved 
algebra Bw we have HH*(Bw) = 0, while 

HH*(Tw(Bw)) = HH*(DGz/2z(Bw)) = Jac(W)[0] = HH*(Bw). 

Here the second equality is due to Dyckerhoff [5j (but some more assump- 
tions are needed for B and W). See also |l17J. The third equality is part (b) 
of the theorem above. 

4.4. The differential b on Hochschild chains decomposes as 

b = b_ + b+ 



b+ : Cn(B) ^ Cn+l(B), b_ : Cn-l(B) ^ Cn(B] 



where 

are given by 

n 

b+(aol • • • Ian) = ^(-l)'aol • • • lai|W|ai+i | • • • |an, 

i=0 
n-1 

b_(aol • • • Ian) = ^(-1 )'aol • • • latai+i | • • • |an + (-1 )'^anao|ai | • • • |an-i . 

i=0 

Here we are using the tensor degree for the spaces of chains or cochains. 

4.5. Lemma. We have b^ = 0, bl = 0, b+b_ + b_b+ = 0. 

Proof. The fact that b^ = b_ = is a straightforward calculation. Alter- 
natively for the second equality one could observe that b_ is the Hochschild 
differential for the algebra B (without ruo) for which it is well known that 
b_ = 0. Finally the last equation follows from the first two and the fact 
that b^ = (b+ + b_)^ = as the Hochschild differential of the Aqo algebra 
Bw 

22 



4.6. From the above lemma we see that the Hochschild chain complex 
C*(Bw) is actually a so-called mixed complex. Recall [191 9.8] that a mixed 
complex is a Z graded complex with two anti-commuting differentials of de- 
grees 1 and —1 respectively. Mixed complexes appear in the theory of cyclic 
homology where the two differentials are the Hochschild boundary map and 
the Connes cyclic operator. We find this analogy quite useful and we will 
calculate the Hochschild (co)homology of Bw using techniques developed 
for cyclic homology. We refer the reader to Loday's book [10] for a detailed 
discussion of cyclic homology. The idea for computing the homology of a 
mixed complex C is to associate a double complex EC to it, which on one 
hand avoids the problems caused by the inhomogeneity of b and on the 
other hand allows us to use the powerful machinery of spectral sequences. 
As the double complexes we are going to study are usually unbounded, it 
will make a difference if we take the direct sum or the direct product total 
complex. To distinguish between the two we shall denote the direct sum 
and direct product total complex of a double complex BC by tot®(BC) and 
tot^(BC], respectively. For a bounded double complex BC the direct sum 
and the direct product total complex are the same so we will simply denote 
any of them by tot(BC). 

4.7. Consider the double complex BCij = Cj_i(Bw) = B (g) B®''^^' associ- 
ated to the mixed complex (C=i,(Bw),b+,b_). It is a bicomplex supported 
above the diagonal on the (1, j)-plane as illustrated below (here i and j are 
horizontal and vertical coordinates respectively): 



i 




i 


i 


C2(Bw) ^ 


- c 


i(Bw) ^ 


- Co(Bw/ 


i 




i 


i 


Ci(Bw) ^ 


- c, 


)(Bw) ^ 





i 




i 


i 


Co(Bw) ^ 


- 


f- 





i 




i 


i 


f- 


- 


f- 


_ 



The horizontal differential of BC is given by b+ and the vertical one is b_. 
Note that BC is periodic with respect to shifts along the main diagonal, 
hence the two total complexes tot®(BC) and tot'^(BC) are 2-periodic and 
this periodicity descends to their homology. Therefore it makes sense to 
talk about the even or the odd homology of tot®(BC) or tot'^(BC) and for 
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* = even or odd we have 

H4tot®(BC]) = HH^Bw] and 
H4tot^(BC)) = HH^^(Bw). 

4.8. We will need another double complex which is the part of BC that lies 
in the first quadrant of the (i, j)-plane. Denote this double complex by BC^. 
Note that BC^ is bounded, hence the direct sum and the direct product total 
complexes agree. The relationship between BC^ and BC is that the former 
is a quotient of the latter by the subcomplex consisting of those terms whose 
i-coordinate is strictly negative. 

4.9. Proof of part (b) of Theorem \4.2\ Consider the positive even shifts 
tot(BC+)[2r] for t G N. For r < t the complex tot(BC+)[2r] is a quotient of 
tot(BC^)[2t] due to the 2-periodicity. Hence the quotient maps 

tot(BC+][2t] ^tot(BC+][2r] 

form an inverse system whose inverse limit is tot^(BC) (see jlO ", 5.1] for more 
details). In short we have realized tot (BC) as the inverse limit 

tot^(BC) = limtot(BC+)[2r]. 

<— 

Moreover the tower (tot(BC+)[2r],r € N) satisfies the Mittag-Leffier con- 
dition [191 3.5.6] as these maps are all onto. By [19,, 3.5.8] we get a short 
exact sequence for k G Z 

0-^ lim^Hk+i(tot(BC+)[2r]) ^ Hk(tot"(BC)) -^ lim Hk(tot(BC+)[2r]) ^0. 

Since we have 

H*(tot(BC+)[2r]) = H,+2r(tot(BC+)), 

the problem of computing 

HH,^^(Bw)=H4tot^(BC)) 

reduces to the problem of computing the homology of tot(BC^). Since the 
bicomplex BC^ is non-zero only in the first quadrant, the standard bounded 
convergence theorem [T9| 5.6.1] applies. We will use the spectral sequence 
associated to the vertical filtration of the bicomplex BC^ whose E page 
consists precisely of the Hochschild homology of the associative ring B . (The 
vertical differential b_ is precisely the Hochschild differential of B.) Since B 
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is regular the classical Hochschild-Kostant-Rosenberg isomorphism applies 
and gives 

Moreover, the horizontal differential at the E page is induced from the 
original horizontal differential b+ on BC^, and the former can be calculated 
using the splitting map e of the HKR-isomorphism, see |19^ 9.4.4] 

ek(aol • • • Ilk) = rr<^odai A • • • A da^. 
k! 

Since we have 

k 

ek+i o b+(ao| • • • |ak) = Ck+i (^(-1 )'ao| • • • |ai|W| • • • |ak) 

k 



= - — 5~(-l)'aoA---AdaiAdWA---Adak 

= — dWAao Adai A--- Adak 
k! 

we conclude that the horizontal differential on the E page is the map Og ^ — ) 
O'g"^^ given by a i— > dW A a. 

To calculate the ^E page, we compute homology with respect to this 
horizontal differential. Observe that the rows in the ^E page are precisely 
truncations of the dual of the Koszul complex associated to the section dW 
of Og. The assumption that the critical points of W are isolated implies that 
this complex is exact except at the n-th (last) spot (recall that n = dim B). 

Therefore the ^E page is everywhere zero except for the spots (i, i + 
n] for i > and the spots (0, j) for < j < n. More precisely it is 
[A^D.B)/[dW] at the spots (0,j),0 < j < dimk B and ws/ldW) at the 
spots (1,1 + dim(B)),Vl € N+. So the spectral sequence degenerates at the 
E^ page already. We conclude that the inverse limit of the homology groups 
of tot(BC+)[2r] is 

I- w f. .(ur+Mi ^^ ~ j^B/ldW) * = dim^ B(mod 2) 

limH4tot(BC^)[2r]j = <^ 

<— 10 otherwise. 

It also follows that the maps in the tower of these homology groups are 
actually isomorphisms for large r. Therefore the tower of homology groups 
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also satisfies the Mittag-Leffler condition, which imphes the vanishing of the 
first derived functor of the inverse limit 

lim^Hk((totBC+)[2r]) =0, Vk G Z 

Hence we conclude that 

HHfM(Bw) ^ H^tot^BO) ^ /-B/(dW) * = dim, B mod 2) 

I otherwise. 

4.10. A similar argument can be adapted for the computation of HH*(Bw)- 
In fact, in this case, the proof is easier as we will not need the argument 
involving inverse limits. The conclusion is that 

HHJ(Bw)SH.(.ot«(BC))^H"'' * = 7; 

10 * = odd. 

4.11. Proof of part (b) of Theorem \4.2[ The usual Hochschild homology of 
Bw/ can be computed by the direct sum total complex of BC. For this, the 
convergence theorem of spectral sequences shows that the spectral sequence 
associated to the horizontal filtration converges to tot®(BC]. To calculate 
the E page of this spectral sequence, we can apply Lemma [c{.9t which shows 
that the E page is already all zero. Thus we have proved that 

HH^Bw) =H4tot®(BC)) =0. 

4.12. For the case of the ordinary Hochschild cohomology of Byy, again by 
Lemma [3.91 we can deduce that the usual Hochschild cohomology vanish by 
an argument using the idea of taking inverse limit. 

The usual Hochschild cohomology HH*(Bw/) was defined to be the ho- 
mology of d = d+ + b_ on the direct product of Hochschild cochains 
On>o^'^(^w)- Thus we should consider tot'^(BC) of the double complex 
BC associated to the mixed complex (C*(Bw), d+, d_). Again the vertical 
filtration realizes tot'^(BC] as the inverse limit of the tower of complexes 
tot(BC®)[2r] for r E N. Hence we have the following short exact sequence: 

0^ limiHk+i(tot(BC+)[2r]) ^ Hu(tot^(BC)) ^ lim Hk(tot(BC+)[2r]] ^0 

To compute the homology of tot(BC+) we run the spectral sequence asso- 
ciated to the vertical filtration of BC®. Then the first page of the spectral 
sequence can be calculated using the vertical differential d_. But according 
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to Lemma [3.9l this is already zero. Using the above short exact sequence, the 
vanishing of the homology of tot(BC^) immediately implies the vanishing of 
Hic(tot^(BC)). We conclude that 

HH*(Bw) = H4tot^(BC)] =0. D 

4.13. Remark. The above proof of the vanishing of the usual Hochschild 
homology and cohomology actually works for any curved algebra over any 
field of arbitrary characteristic. 

5. Orlov's results in the dg setting 



In |13j Orlov relates the derived category of graded matrix factorizations of a 
homogeneous superpotential W to the derived category of coherent sheaves 
on the projective hyper surf ace defined by W = 0. In this section we argue 
that Orlov's results can be extended to the dg setting by exhibiting a chain 
of quasi-equivalences between appropriate dg enhancements of the categories 
he considered. The main context in which we work is that of the category 
Hqe (see Appendix[X]) in which quasi-equivalences are inverted, and thus in 
Hqe the resulting categories are isomorphic. 

5.1. We begin by reviewing Orlov's results from [13j. Let A = ®i>oAi 
be a connected graded Gorenstein Noetherian k-algebra. Recall the the 
Gorenstein property means that A has finite injective dimension n, and 
RHomA(k, A) is isomorphic to k(a)[— n] for some integer a which is called 
the Gorenstein parameter of A. Here () and D are the internal degree shift 
and homological degree shift respectively. 

Denote by gr-A the abelian category of finitely generated graded left A- 
modules. Let tors-A be the full subcategory of gr-A consisting of all graded 
A-modules that are finite dimensional over k and form the quotient abelian 
category qgr-A := gr-A/tors-A. When A is commutative qgr-A is equivalent 
to the category of coherent sheaves on Proj A. 

For convenience we will sometimes omit the algebra A in our notation. 
For example gr-A will simply be denoted by gr. 

There is a canonical quotient functor n from gr to qgr, which in the 
commutative case corresponds to the operation associating a sheaf on Proj A 
to a graded A-module. Moreover tt admits a right adjoint w defined by 

tu(N) :=eigz;Homqgr-A(A,N(i]). 

Again, in the geometric setting, w is the analogue of the functor F^, of [6l 
11.51. 
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For any integer I we also consider the abelian category gr>| which is the 
fuh subcategory of gr consisting of graded A-modules M such that Mp = 
for p < I. The categories tors>i and qgr>t are similarly defined, and the 
restrictions of the functors 7t and w to these subcategories shall be denoted 
by 7T>T^ and tu>i. 

Deriving these abelian categories yields triangulated categories D'^(gr), 
D (gr>J and D (qgr). However, when defining the derived functor of cu>i, 
we run into trouble as the category qgr has neither enough projectives nor 
enough injectives. We can however bypass this difficulty by giving up the 
condition of our modules being finitely generated. Namely consider the 
category Gr which consists of all graded A-modules, finitely generated or not, 
and form the corresponding quotient QGr. Note that D+(qgr) is naturally a 
full subcategory of D+(QGr), and similarly for D^, etc. 

Since QGr has enough injectives we can define the derived functor 

RtUM:D+(QGr) ^ D+(Gr>i). 

It can be checked that the restriction of Rcu>i to the subcategory D+(qgr) 
lands inside D^(gr>J. If we assume further that A has finite injective di- 
mension then the restriction of Rcu>i to D^'fqgr] lands inside D^(gr>|). One 
can also show that the functor n>i is exact (and hence does not need to be 
derived) and it is a one-sided inverse of Ruj>i: n^i o Ruj>i = id. 

The main object of study in this section is the quotient of D'^ (gr) by the 
full triangulated subcategory perf (gr) consisting of perfect objects. (Recall 
that a complex is perfect if it is quasi-isomorphic to a bounded complex of 
projectives.) This category is known as the (graded) category of singularities 
and is denoted by Dfg. 

5.2. Theorem (Orlov fTS]). Let A be a Gorenstein algebra with Gorenstein 
parameter a. Then the triangulated categories Dfg and D (qgr) are related 
as follows: 

(A) if a > then for each integer i G Z there exists a fully faithful functor 
Ot : Dfg — > D^(qgr) and a semi-orthogonal decomposition 

D''(qgr) = (7TA(-i-a + 1),...,7tA(-i),(D,(Df^)); 

(B) if a < then for each integer i G Z there exists a fully faithful functor 
Wi : D^(qgr) — > Dfg and a sem,i-orthogonal decomposition 

Df^ = (qk(-i), ...qk(-l + a + 1 ), V,(D^(qgr))) 

where q : D^(gr) — > Dfg (A) is the natural projection; 

(C) if a=0 then Dfg = D^(qgr). 
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5.3. Our purpose is to generalize the above result to the dg setting so we 
can apply invariance of Hochschild structures under dg equivalences. For 
this we need appropriate dg enhancements of the triangulated categories 
involved. For the category D''(qgr] we take the dg category of complexes 
of injective objects in QGr that are quasi-isomorphic to objects in D^(qgr). 
We denote this dg category by DG(qgr). 

For the category Dfg there is no obvious candidate for a dg enhancement. 
However observe that Dfg is obtained as the quotient of D^(gr] by perf(gr), 
and these two categories admit natural dg enhancements by using either 
injective or projective resolutions of the corresponding complexes. Both dg 
enhancements will be used in this paper and the relationship between them 
will be clarified in Lemma 15.151 

We first consider the category obtained by injective resolutions. Let 
PG(gr] be the dg category of bounded below complexes of injective graded A- 
modules that are quasi-isomorphic to objects of D^(gr] (the left arrow is used 
to indicate that we are using injective resolutions). Denote by P (gr] the full 
subcategory of pG(gr) whose objects are perfect complexes. Then the dg 
enhancement of Dfg that we will consider is the dg quotient PG(gr)/P (gr), 
which we shall denote by DGfg. Similarly, we denote by pG(gr>J the dg 

version of D^(gr>|) and by P>i(gr) the dg version of perf>^(gr). 

5.4. Lemma. The functor a)>t from QGr to Gr>t sends injectives to injec- 
tives. 

Proof. This is immediate from the fact that the left adjoint 7t>^ of tu>i is 
exact. D 

5.5. Because of this lemma we have a well-defined dg functor 

tu>i : DG(qgr) -> ^(gr>0. 

We denote by D^ the full subcategory of pG(gr>|) consisting of objects in 
the image of cu>i. Note that the functor cu>i induces a quasi-equivalence 
between DG(qgr) and Dt by the corresponding results in the triangulated set- 
ting. Moreover, the subcategory D,^ is an admissible subcategory of pG(gr>^] 
as the adjoint to the inclusion functor is given by 7T>|. 

5.6. Lemma. The dg functor 

Li : ^(gr>0/PM(gr) ^ ^(gr)/^(gr] 
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induced by the natural niorphisni between localization pairs 
(P^,(gr),^(gr>0) ^ (^(gr),^(gr)) 

is a quasi-equivalence. (See Appendix HI for details on localization pairs). 
Moreover, the full subcategory P>i(gr) is left admissible in pG(gr>|). 

Thus by Lemma \A.12\ in the Appendix the category Ti := "'"P>i(gr) in 

PG(gr>0 is canonically quasi-isomorphic to the quotient pG(gr>|)/P>i(gr). 

Proof. We only need to show that the niorphisni l induces an equivalence 
at the level of homotopy categories. Since all our dg categories are pre- 
triangulated, the problem is reduced to that of showing that the niorphisni 

D^(gr>0/perfM ^ D^gr)/perf(gr) 

is an equivalence, a result which is proved by Orlov in ^13ij . 

The second statement also follows from the definition and from results 
of Orlov. n 

5.7. We have two admissible full subcategories Di and Ji inside pG(gr>|) 
such that Di is isomorphic to DG(qgr) and Ti is isomorphic to DGfg(A) 

in Hqe. Once these categories have been put inside the same dg category 
Orlov's proof of the existence of the corresponding semi-orthogonal decom- 
positions (Theorem 15. 2p also yields a proof of the following dg analogue, as 
the notion of orthogonality is strictly on the level of objects (see Lemma [A.12l 
in the Appendix |X]). The proof of the following theorem will be omitted as 
it is identical to Orlov's original proof of Theorem [ 



5.8. Theorem. Let A be a Gorenstein algebra with Gorenstein parameter 
a. Then we have: 

(A) if a > there exists a semi-orthogonal decomposition 

Di = (7TA(-l-a+1),...,7rA(-l),Ti); 

(B) if a < there exists a semi-orthogonal decomposition 

Ti = (qk(-i), ...qk(-l + a + 1 ), Di); 

(C) if a = there exists an equivalence Ti = Di. 

The following result is a reformulation of the above theorem in the geomet- 
ric setting, corresponding to a similar theorem stated by Orlov in |13) for 
triangulated categories (the LG/CY correspondence). 
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5.9. Theorem. Let X be a Gorenstein projective variety of dimension n 
and let ^ be a very ample line bundle such that Wx — ^^^ for some 
integer r. Suppose that YV{X,^^) = for all k e Z when j 7^ 0,n. Set 
A = ei>oH°(X,if^). Then we have 

(A) if r > (X is Fano) then there is a semi-orthogonal decomposition of 
dg categories 

for some T that is isomorphic to DGfg in Hqe. 

(B) if T < (X is of general type) then there is a semi-orthogonal decom- 
position of dg categories 

DG| = (k(r+l),..-,k,D) 

for some D that is isomorphic to DG(X) in Hqe. 

(C) if r = (X is Calabi-Yau) then there is an equivalence in Hqe 

DG| = DG(X]. 

5.10. We also want to relate the categories considered above to the category 
of graded matrix factorizations from Section [2l Let B = ©t>oBi be a finitely 
generated connected graded algebra over k and let W € B^ be a central 
element of degree n which is not a zero-divisor. Consider the quotient graded 
algebra A := B/W, the quotient of B by the two-sided ideal generated by W. 
We are interested in the category of graded matrix factorizations DGz(Bw)- 

5.11. To relate DGz(Bw/) to the dg category of graded singularities we will 
use a different model of the latter, given by projective resolutions instead of 
injective ones. Denote by DG(gr) the dg category whose objects are bounded 
above complexes of free A- modules that are quasi-isomorphic to objects of 
D^(gr], and let R (gr) be the full subcategory consisting of perfect objects. 
As before we denote by DGfg(A) the corresponding quotient. 

5.12. There is a dg functor Coker from DGz(Bw) to DG(gr) defined by 

P'^t<o(P')0bA, 

where T<o is the truncation functor that only keeps components of ho- 
mological degree at most zero. The reason this functor is called Coker is 
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that Coker(P*) gives a natural projective resolution over A of the Cohen- 
Macaulay module P°/ Im p_i . 

We can compose the functor Coker with the natural universal quotient 
functor Q : DG(gr) — > DG(gr)/ P (gr) = DGfg(A) in Hqe to form a morphism 
in Hqe 

Q o Coker : DGz(Bw) ^ D^fg(A). 

Again, by passing to homotopy categories, Orlov's results immediately imply 
the following theorem. 

5.13. Theorem. The morphism Q o Coker is an isomorphism in Hqe. 

5.14. As a final part of this section we want to argues that there is an 
isomorphism in Hqe 

D^|(A) = ^|(A). 

For this consider the dg category DGgr(Mod-A) of complexes of graded A- 
modules that are quasi-isomorphic to objects in D (gr). Let P be the full 
subcategory of DGgr(Mod-A) consisting of perfect objects. (Note that by 
definition P contains all the acyclic objects.) We can consider the following 
two morphisms of localization pairs: 

j : (^(gr),^(gr)) ^ (P, DGg,(Mod-A)), 
k: (P^(gr),D^(gr)) ^ (P, DGg,(Mod-A)). 

5.15. Lemma. Both j and k induce quasi-equivalences on the correspond- 
ing quotient categories. Thus DGfg(A) and pGfg(A) are isomorphic in Hqe. 

Proof. Consider the induced map on the homotopy categories of the quo- 
tients. As these categories are all pre-triangulated, we have 

H°(^|(A))=H°(Tw(^|(A))) 

= H°(Tw(^(gr)))/H°(Tw(^(gr))) 
= HO(^(gr))/H°(^(gr)) 
= Df^(A). 

We also have 

H°(DGg,(Mod-A)/P)=D|(A). 

Thus we have shown that j induces a quasi-equivalence on the quotients. 
The proof of the corresponding statement for k is similar. D 
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6. Hochschild homology of LG orbifolds 

In this section we give a localization formula for Borel-Moore Hochschild 
homology groups of algebras of the form that arise in the study of orbifold 
LG models. 

6.1. The main motivation for this calculation is the following. Let X = 
Proj B/W be a smooth projective Calabi-Yau hypersurface of degree d in 
P'^^^ = Proj B, B = l<[xo, . . . ,Xd-i]. By the results in the previous sections 
there is a dg equivalence 

DG(X) = DGz(Bw) = TwzlBwttG), 

where DG(X) is a dg enhancement of the derived category of X and G = 
Z/dZ. (See Section [5] for the appropriate results in the non-CY case.) 
Hochschild homology is invariant under dg equivalences hence 

HH4X)=HH4Twz(BwttG)) 

and the latter groups can be related to the Borel-Moore homology groups 
HH^'^(BwtJG) (see [l7]), which are the groups we compute in this section. 

6.2. Let G be a finite group acting on a smooth affine scheme Y = SpecB 
and let W be a G-invariant global function on Y. Then we can form the 
curved cross product algebra Bw/jjG ()2.13p . We shall denote the Borel-Moore 
Hochschild homology of this algebra by HH^ ([(Y, W)/G]) to emphasize the 
geometric point of view. 

6.3. Theorem. In the above context there exists a graded vector space 
isomorphism 



HHf^([(Y,W)/G]) = mHHr(Y9,W|Y9 




where Y^ is the g-invariant subspace of Y and the subscript G means taking 
coinvariants of the induced G action. 

Proof. We first recall the following result of Baranovsky [l] for the non- 
curved case. Let Y = SpecB be an affine scheme with a finite group G 
acting on it. Then we have 

HH4[Y/G]) = (egeGHH4Y9)]G. 
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In fact this result is stronger in the sense that there is a natural chain 
level map that induces the above isomorphism. The map V that goes from 
the Hochschild chain complex of the cross product algebra BjJG to the G- 
coinvariants of the direct sum of the Hochschild chain complexes on the 
invariant subspaces is given explicitly by 

W(aottgol • • • lantlgn) = (aolgo(ai )|gogi (ai)! • • • Igo • • • gn-i (an))g 

where the subscript g = go • • • gn means that all the functions on the right 
hand side are viewed as functions restricted on Y9. 

To see that W indeed defines a map of chain complexes we note that 
the Hochschild differential consists of direct sums of face maps d^, and W 
commutes with all these face maps except the last one (dn). However one 
can check by a direct computation that W also commutes with dn. after 
taking coinvariants. 

Theorem 16.31 can now be proved quite easily with the quasi- isomorphism 
W in hand. Let us denote by B^ the global regular functions on the subspace 
Y9. (This notation is slightly misleading: in fact B9 is the set of coinvariants 
in B of the action of g; we keep our notation for geometric purposes.) Denote 
by B^ the curved algebra (B9)w 

Consider the Hochschild chain complexes 



C!/(BwttG)=nCn(BwttG) and 



3ggGC!^(B9,))^=|0nCn(B 

oGG n 



G 




which are both mixed complexes with differentials given by the Hochschild 
differential b_ and the differential b+ coming from inserting W. The map 
W defines a linear map between the associated double complexes of these 
mixed complexes which commutes with b_. A direct computation shows 
that W commutes with b+ as well: 

b+(¥(aottgol • • • laniJgn)) = b+((aolgo(ai )|gogi (ai)! • • • Igo • • • gn-i (an))g) 

n 

= ^(-l)''(aolgo(ai)| • • • Igo • • • gi-i (ai)|W| • • • Igo • • • gn-i (an))g. 

1=0 
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V(b+(aottgol • • • lajgn)) = 'i'i.^[-^)Hao^go\ ■ ■ ■ aittgi|W«e| • • • lajgn)) 

i,=0 
n 

= ^(-l)^(aolgo(ai )| • • • Igo • • • gi(W)| • • • |go • • • gn-i (an])g 

i=0 
n 

= ^(-1 )'(aolgo(ai )| • • • Igo • • • gi-i (ai)|W| • • • Igo • • • gn-i (an))g; 



i=0 



We conclude that V is a map of double complexes. Taking the spectral 
sequences associated to the vertical filtrations of these double complexes 
as in Section [J] yields a map between spectral sequences which we shall 
denote by V as well. Baranovsky's isomorphism shows that the induced 
map on the E^ page is everywhere an isomorphism. It follows from the 
comparison theorem of spectral sequences (see for example [19]) that the 
two spectral sequences converge to the same homology groups. Since the 
first one converges to HH^ ([(Y, W]/G]) by definition, while the second one 
converges to (©gGGHH^'^(Y9,W|Yg))G by the results in SectionHl the result 
is proved. D 

6.4. Example. Consider the case where B = l<[xi, . . . ,Xd], Y = SpecB = 
C^, and W G B is a homogeneous polynomial of degree d. We take G = 
Z/dZ acting diagonally on Y. Assume that X = Proj B/W is smooth. Then 
Theorem 16.31 yields 

HH^'^([(Y,W)/G]) = (hH^^(Y,W)) ©Ce •••©€, 

where we have d — 1 copies of C indexed by the non-trivial elements in 
the group G . (The contribution of the non-trivial elements of G to orbifold 
homology is traditionally called the twisted sectors of the theory.) Note that 
by the considerations in (j6.ip the above is also a computation of HH*(X). 

The above calculation can be regarded as a non-commutative version of 
the Lefschetz hyperplane theorem (for the part involving the twisted sec- 
tors) and of the Griffith transversality theorem (for the G-coinvariant part 
of the identity component, which can be computed using a Jacobian ring 
calculation as in Section [3|) . 

For example for a smooth quartic surface in P its even Hochschild ho- 
mology groups are of dimensions 1 , 22, 1 , respectively, obtained by adding 
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the even verticals in the Hodge diamond below: 

1 



1 20 1 



1. 



The degree 0, 4, 8 components of the Jacobian ring of the defining quartic 
have dimensions 1, 19, 1 respectively. Compared with the above Hodge 
diamond what is missing is another 3 dimensional vector space down the 
middle vertical (which corresponds to HHq), which are precisely the 3 one- 
dimensional twisted sectors. (The odd Hochschild homology is trivial on 
both sides.) 

A. Dg categories and dg quotients 

In this appendix we collect some results on dg categories and on the notion 
of dg quotients. Our main reference for dg categories is Keller's paper [8j. 
For dg quotients we refer to the original construction of Keller [7] , see also 
Drinfeld [1] for an alternative construction. 

A.l. We shall fix a ground field k and all categories will be assumed to be 
k-linear categories. (All the constructions below can be generalized to any 
ground ring after suitable flat resolutions.) 

A dg category is a category Q such that the Horn spaces are complexes 
over k. Composition maps are required to be not only k-linear but also maps 
of complexes. Explicitly, for any objects X, Y, Z € ^ the homomorphism 
space Hom^(X, Y) is a k-complex and the composition map 

Hom5^(X,Y](g)Hom<^(Y,Z) -^ Hom5^(X,Z) 

is a map of complexes. Here the tensor product is the tensor product of 
complexes. 

A. 2. Similarly a dg functor F : "^ — > ^ is defined to be a k-linear functor 
such that the map 

Hom^(X,Y] -^ Hom^(FX,FY) 

is a map of complexes for any objects X and Y of '^ . 
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A. 3. One can associate to a dg category ^ its homotopy category H'^(i^) 
whose objects are the same as those of S) and the homoniorphism set between 
two objects is defined by 

HomHO(®)(X,Y) =H°(Hom®[X,Y)). 

Moreover the composition in H (^) is defined to be the one induced from '3 
(weU-defined as the original composition maps are maps of complexes and 
hence induce maps on the cohomology). It is easy to see that dg functors 
induce maps on the corresponding homotopy categories. For a dg functor F 
we shall denote the induced functor on homotopy categories by H (F). 

A. 4. A dg functor F : '^ — > i^ between dg categories ^ and 3) is said to be a 
quasi-equivalence if H''(F) is an equivalence. Two dg categories are said to be 
quasi-equivalent if they belong to the same equivalence class with respect to 
the equivalence relation generated by the above notion of quasi-equivalence. 

A. 5. Consider the category of small dg categories over k, denoted by dgcat]^. 
Its objects are small dg categories and its morphisms are dg functors. As 
quasi-equivalences induce natural isomorphisms on most homological alge- 
bra constructions we would like to consider a modification of dgcat]^ wherein 
quasi-equivalences are inverted. This is more or less in the same spirit as the 
construction of derived categories where quasi-isomorphisms between com- 
plexes are inverted. This construction can be carried out as explained in |^, 
and the resulting category Hqe is obtained as the localization of dgcat]^ with 
respect to quasi-equivalences. 

One can show that various types of homological algebra invariants of 
dg categories factor through Hqe. These include for example Hochschild 
homology, cyclic homology, Hochschild cohomology and more sophisticated 
invariants like open-closed string operations constructed by Costello [3]. 

In particular in Section [5] we proved the existence of a relationship be- 
tween the dg category of coherent sheaves and the dg category of matrix 
factorization, both regarded as objects in Hqe. In the Calabi-Yau case this 
implies that these two categories are isomorphic in Hqe, which further im- 
plies that these two dg categories carry isomorphic homological invariants 
as mentioned above. See Section [6] for an application. 

A. 6. There exists a twist construction for dg categories analogous to the 
one for Aqo categories. It allows us to relate dg categories to triangulated 
categories. Explicitly the twist of a dg category ^ is a new dg category 
Tw(^) such that the homotopy category of Tw(^] has a natural triangu- 
lated structure. We shall denote this resulting triangulated category by ^*^ 
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For example, an ordinary algebra A can be seen as a category with only 
one object. Then Tw(A) is the dg category of bounded complexes of free 
A-modules. Its homotopy category is in general not the derived category of 
A, but rather a fully faithful subcategory consisting of free objects. This 
example is a special case of the general statement that Qi^'' is the fully faithful 
subcategory of D(^) consisting of representable objects. 

The dg category Tw(^) is also called the pre-triangulated envelope of 
Qj . Intuitively speaking it is the smallest dg category containing Q> such 
that its homotopy category has a triangulated structure. Thus we shall call 
a dg category ^ pre-triangulated if the following two condition hold: 

• For any object X € ^, X[1] is isomorphic to an object of ^ inside ^*^ 

• For any closed morphism f : X — > Y G ^, Cone(f) is isomorphic to an 
object of ^ inside ^*^ 

(The object X[l], if it exists, is the unique object of Si representing the 
functor Hom^( — , X)[1], where the latter is the shift-by-one of the complex 
Hom^( — ,X). A similar definition applies to the notion of the cone of a 
morphism.) 

It follow easily from the definition that if Si is pre-triangulated then 
H'^(^) has a triangulated structure, and the natural embedding of S into 
Tw(^) is a quasi-equivalence. The induced functor on homotopy categories 
is a triangulated equivalence between triangulated categories. 

A. 7. If "^ is a triangulated category and (f is a full triangulated subcategory 
of '^ then the triangulated quotient category '^ I S is obtained by localizing 
the category '^ with respect to the multiplicative system 

S = {f G Hom(<r) i Cone(f) G<f}. 

This is known as the triangulated quotient construction. There is a natural 
quotient functor from "^ — > "^ /S. 

There is also a quotient construction in the dg context initiated by 
Keller [7J and later elaborated by Drinfeld [3]. The follow theorem sum- 
marizes the main results on dg quotients. 

A. 8. Theorem. Let S" he a full subcategory of a dg category 3) . Then 
there exists a dg category 3 1 S together with a quotient map 

Q : ^ ^ S/^ 

in the category Hqe such that Q and Si I S have the universal property 
that every morphism in Hqe from S to some other dg category ^ that 
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annihilates S (the image of any object in S" is isomorphic to zero in W [,^)) 
factors through Si/S . 

Moreover, the dg quotient is the dg analogue of the triangulated quotient: 
we have 

A. 9. Dg quotients have good functorial properties with respect to localiza- 
tion pairs. A localization pair ^ is a pair of dg categories (.^1,^2) such 
that ^1 is a full subcategory of ^2- A morphism F between localization 
pairs ,^ and ^ is a dg functor from ^2 to ^2 that sends objects of ^] to 
objects of ^1 . Keller showed that such a map F induces a map on the dg 
quotients 

F : .^2/■^^ -^ ^2/^1 • 

A. 10. For the remainder of this section we are interested in understanding 
semi-orthogonal decompositions at the dg level, and these make best sense 
in the case of pre-triangulated dg categories. Let ^ be a pre-triangulated 
dg category, and denote by "^ = H (^] the homotopy category of &. By 
the previous discussion ^ is triangulated. 

Recall the notion of semi-orthogonal decomposition of a triangulated 
category ^. Let (f be a full triangulated subcategory of ^. We would like 
to decompose '^ as a "sum" of S' and its orthogonal complement. In order 
to do this we need the subcategory £" to be admissible: S" is said to be right 
(left) admissible if the inclusion functor from S" to ^ admits a right (left) 
adjoint. 

Assume that (f is a right admissible full triangulated subcategory of 'I0. 
Define the right orthogonal complement of S' to be the full subcategory (f^ 
of '^ consisting of those objects X € '^ such that 

Ext*(E,X) =0 VE G^. 

One can show that S is also triangulated and the functor defined as 
the composition 

^^ ^ <^ ^ ^/^ 

is a triangulated equivalence. One usually denotes this situation by "^ = 
{to\to) to illustrate the fact that every object in '^ can be obtained from 
S' and (^ by taking cones and shifts. 

We can make a similar definition of the notion of being admissible in the dg 
setting. 
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A. 11. Definition. Let & be a pre-triangulated dg category and let S he 
a full subcategory of ^ which is also pre-triangulated. Then S is said to be 
right (left) admissible in QJ if H°((f ) is right (left) admissible in H°(^). 

We shall denote by S"^ the full subcategory ofQi consists of those objects 
in Sj that are inside V^{S]^, or, equivalently S^ consists of those objects 
X such that Hom^(E, X] is acyclic for any E G ^o". 

As before we write 



We end this section with an easy Lemma that is used in the proofs in Sec- 
tion [5l 

A. 12. Lemma. Let S be a right (left) admissible pre-triangulated subcat- 
egory of the pre-triangulated category ^ . Then S'^ ('^^) is quasi-equivalent 
to the dg quotient ^/S'. 

Proof. Consider the composition of morphisms in Hqe 

S"^ ^ ^^ Si IS. 

To show that this map is an isomorphism in Hqe we only need to check 
the statement in the homotopy category. Consider the induced map on the 
corresponding homotopy categories 

Since both S and Ql are pre-triangulated we have 

W\Qlg) = [^ISf. 
By Theorem IA.8I we have 

and the fact that the morphism 

is an isomorphism is the known result for triangulated categories. D 
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